We describe the spatial coherence properties of a cold atom electron source in the framework of a quasihomogeneous wavefield. The model is used as the basis for direct measurements of the transverse spatial coherence length of electron bunches extracted from a cold atom electron source. The coherence length is determined from the measured visibility of a propagated electron distribution with a sinusoidal profile of variable spatial frequency. The electron distribution was controlled via the intensity profile of an atomic excitation laser beam patterned with a spatial light modulator. We measure a lower limit to the coherence length at the source of l c = 7.8 ± 0.9 nm.
Introduction
Electron probes are an important tool for nanometre scale investigations, for example the determination of membrane protein structures [1] . Improvements in electron sources have enabled increased spatial and temporal resolution beyond optical alternatives [2] . In particular, ultrafast electron diffraction (UED) is an emerging technique for obtaining atomic-level structural dynamics at sub-picosecond timescales, such as atomic motion and phase transitions [3] [4] [5] . Ultrafast diffraction also has the potential to capture images before sample damage occurs, essential to imaging biological specimens with sub-nanometre resolution [6, 7] .
Carbon nanotube (CNT) field emitters are currently the brightest available electron sources, though must operate at low currents to avoid Coulomb expansion and are therefore not suitable for ultrafast imaging [8, 9] . Conventional photoemission sources use high energy laser pulses to generate hot electrons at high current. Recently, sub-100 fs 0.25 pC electron bunches have been extracted from a photoemission source, enabling demonstration of single-shot diffraction from a crystalline gold foil [10] .
Electron bunches extracted from cold atoms provide a new and intrinsically different source for UED imaging [11] [12] [13] . In a cold atom electron source (CAES), electrons are extracted by photoionization of laser cooled and trapped atoms (temperature T < 100 µK). The predicted upper limit to transverse normalized brightness for these sources is comparable to that of CNT (C) 2012 OSAemission sources, but with significantly higher electron flux [14] .
Conventional electron sources are initially incoherent, and useful coherence is obtained only as a consequence of propagation, described by the van Cittert-Zernike theorem. A CAES produces very low temperature electrons (T < 15 K [13] ) with small initial transverse momentum spread, and consequently the transverse spatial coherence is large at the source. As with conventional electron sources, the CAES coherence can then be further enhanced by propagation, and the flux of a CAES can be many orders of magnitude greater than single-atom field emitters. The CAES therefore has promising properties desirable for diffractive imaging, including sufficient intrinsic transverse spatial coherence for imaging whole biomolecules coupled with the potential for high brightness.
An electron bunch extracted from a CAES has the properties of a partially coherent quasihomogeneous wavefield. While the temperature of these cold electron bunches has previously been measured and a transverse spatial coherence length inferred [13] , in this paper we directly measure the transverse spatial coherence by mapping out the form of the coherence function, thus confirming the basic property which makes these new sources important for diffractive imaging. We measure the visibility of a propagated electron distribution with a sinusoidal profile, created at the source by directly modifying the excited state atomic distribution [13] . This profile can be rapidly varied to allow measurements over a wide range of spatial frequencies. The variation in the visibility of the propagated electron profile with spatial frequency is shown to relate to the coherence function in close analogy to the visibility of a two-slit interference fringe pattern commonly used to characterize source coherence [15, 16] .
A cold atom electron source

Experimental description
In our experiments, approximately 10 9 Rb 85 atoms in a magneto-optical trap (T = 70 µK) were excited from the 5S 1/2 (F = 3) ground state to the 5P 3/2 (F ′ = 4) excited state using a laser of wavelength 780 nm (Fig. 1) . The intensity profile of the excitation laser beam was shaped using a phase-only spatial light modulator (SLM) to selectively excite a desired density distribution of atoms within the Rb cloud [13] . The shaped, excited atom distribution was photoionized using a 5 ns 480 nm wavelength laser pulse, spatially uniform to 3% across the cloud. The electrons were accelerated in a uniform electric field (F = 40 kV/m, distance 2.5 cm, final energy 1 keV) parallel to the excitation laser and propagated 22 cm in a null field. The spatial distribution of the electron pulse was observed on a phosphor screen attached to a micro channel plate (MCP) charge amplifier.
Modelling a cold atom electron source
To model the CAES, we first assume the initial electron bunch has a Maxwellian momentum distribution described by
where m is the electron mass, k B is the Boltzmann constant, T is the electron temperature, and the electron momentum is separated into a 2D component perpendicular to the propagation axis, p ⊥ , and a component parallel to the propagation axis, p || . The transverse momentum spread σ p ⊥ = √ mk B T is small due to the very low electron temperature ( Fig. 2) , fundamentally limited by intrinsic heating processes immediately following ionization [17] . The electrons were accelerated along the propagation axis by electric field F, imparting an additional momentum component p F . Since p F ≫ p || , we regard the electron distribution as having a well-defined momentum component in this direction, such that the bunch is analogous to a quasi-monochromatic paraxial optical wavefield [18] . The propagated electron bunch phase-space density for the transverse components, W (r, p ⊥ ), can therefore be described by
where I(r) describes the spatial intensity distribution of the source in the plane perpendicular to the propagation axis and Eq. (1) has been separated into transverse and parallel propagation components
and
The quasi-homogeneous model (QHM) treats the source as a series of mutually incoherent point radiators each radiating into a small angular distribution (see Fig. 2 ). Conceptually, the effective source size at some point in the propagated electron beam is defined by the momentum spread (temperature) at the source, and not by the physical size of the source or electron beam. A QHM is appropriate for a source with short correlation length [16] , such as the CAES. The correlations in the field between two points r 1 and r 2 can then be described by the mutual optical intensity (MOI) for a quasi-homogeneous source
where r = (r 1 + r 2 )/2 and γ(x) describes the correlations between the electrons as a function of separation x = r 1 − r 2 . The QHM naturally leads to the limit of a completely incoherent source by substituting a delta function for γ(x). The properties of quasi-homogeneous sources are discussed in detail in Refs. [16, 18, 19] . The MOI is related to the phase-space distribution via [19] :
Combining Eqs. (1), (2) and (5) and evaluating the integral, we identify a Gaussian form of the coherence function
where l c = h/ √ mk B T is identified as the coherence length of the quasi-homogeneous source, and is related to the transverse momentum spread of the electrons via l c = h/σ p ⊥ . Gaussian forms for the coherence function γ(x) are common [18, 19] and have been investigated extensively, for example for modern x-ray sources [15, 20] . The initial momentum spread σ p ⊥ , and therefore the coherence length, depends only on the electron temperature and are independent of the axial acceleration energy imparted to the electron bunch. For a CAES, the electron temperature is determined by the excess electron energy ∆E, which is primarily the energy difference between the photoionization laser photon energy and the ionization threshold of the atoms in an ambient electric field [21] . At high excess energy, the electron angular distribution broadens and for an electron at the detector we can no longer determine the trajectory from the source. A high excess ionization energy thus corresponds to the incoherent source limit, γ(x) → δ (x).
The standard methods of optical coherence theory may be adapted for the propagation of a partially coherent electron field. We make the paraxial approximation, and the intensity of the electron field at a distance z is then given by [16] 
where k = 2π/λ and λ is the de Broglie wavelength of the electrons.
Measuring the spatial coherence function of a cold atom electron source
Arbitrarily shaped electron bunches
A unique feature of the CAES is that it allows virtual 'masking' of the electrons. We can alter the initial electron spatial distribution shot-to-shot by changing the SLM phase mask (see (C) 2012 OSA Fig. 1 ). The electron bunches can also be shaped along the propagation direction by control of the orthogonal photoionization laser beam profile [13] . This approach could be used to produce 'pancake' bunches that evolve naturally to form ideal uniform ellipsoidal density distributions to alleviate coherence loss due to non-linear Coulomb interactions within the bunch [14, 22] . We impose a sinusoidal distribution on the cold atom cloud so that the MOI (Eq. (4)) becomes
where d is the period of the sinusoid and r ≡ (u, v), so that
The visibility measured at the detector, V ≡ (I max − I min )/(I max + I min ), then reduces to
Equation (9) describes a loss of visibility in a form that is mathematically identical to that obtained for a Young's two-slit experiment in which the slits are placed in the source plane and the detector is sufficiently distant to produce the observed fringe frequency. This correspondence is not coincidental as can be seen when coherence is described in terms of the Wigner quasi-probability distribution (see, for example, Refs. [16] and [23] ). In both forms of the experiment, the coherence is determined from the visibility of the fringe pattern. In the form here, it is straightforward to vary the fringe spacing using the SLM and to probe the coherence function γ(x) at varying fringe frequencies, which is precisely equivalent to varying the slit separation.
Experimental method
The sinusoidal electron bunch signal incident on the MCP/phosphor screen was imaged with a CCD camera (Fig. 3) . The images were integrated along v to improve the signal to noise ratio, and the line profiles were then normalized to an electron distribution without sinusoidal variation. Changes in the overall size of the electron bunch, caused by the inhomogeneous electric field at the accelerator aperture exit acting as a Davisson-Calbick lens [24] , do not affect the sinusoidal visibility. Figure 3 shows an example of a fit of Eq. (9) to a measured electron distribution for a single spatial frequency. The uncertainty in each visibility measurement was calculated using the error matrix from the non-linear least squares fit.
Results
A Gaussian fit to the visibility as a function of spatial frequency, shown in Fig. 4 , yields the transverse spatial coherence length, l c (Eq. (10)). The propagation distance z = 234 ± 15 mm is determined from a fit to electron and ion time of flight data and the electron de Broglie wavelength λ = 39 ± 1 pm is calculated from the imparted bunch energy. The resulting transverse coherence length is l c = 7.8 ± 0.9 nm with an inferred electron temperature of T = 14 ± 2 K. The coherence length measurement here is a lower limit as the reduction in visibility cannot be exclusively attributed to coherence effects. For example, a small distortion of the parallel sinusoidal pattern evident in Fig. 3 is due to non-uniform electric and magnetic fields during propagation [13] . Figure 5 shows the variation of coherence length with excess ionization energy, T L ; that is, the additional heating above threshold, governed by the photoionization laser wavelength. The electron temperature is further increased by T 0 due to additional internal heating processes immediately following ionization [25] . The final electron temperature is then T L + T 0 and the coherence length is expected to vary as l c = h/ mk B (T L + T 0 ). The wavelength of the ionization laser was varied from 481.727 nm to 478.470 nm, equivalent to excess energy of T L = 6.5 K to 142.1 K. The resulting increase in bunch temperature is apparent as a decrease in coherence length. From a fit to the coherence length with free parameter T 0 (solid line, Fig. 5 ) we find T 0 = 9.9 ± 3 K. Ionization with zero excess energy (T L = 0 K) could be achieved by tuning the ionization laser wavelength and accelerating electric field to a Rydberg state resonance [26] . The resulting coherence length would then be l c = 9.5 nm, in close agreement to previous indirect estimates [13] .
Conclusion
Temperatures as low as T < 10 ± 5 K have been measured for a CAES [13] indicating a characteristic coherence length of l c > 10 ± 3 nm. A coherence length of 10 nm is already sufficient at the source for imaging small biomolecules such as bacteriorhodopsin where the unit cell length is of order 10 nm. In contrast, photoemission electron sources with electron bunch temperatures of order T = 10 4 K have an associated coherence length of l c = 0.3 nm. This paper has provided a framework for describing the propagation of partially coherent electron bunches extracted from a cold atom electron source: a critical requirement for realization of coherent diffractive imaging using a CAES. The arbitrary bunch shaping capability of the CAES has enabled a convenient and flexible method for measuring the transverse spatial coherence of the electron bunches. The measured coherence length of the CAES and the potential for high brightness are promising for application to coherent diffractive imaging of biological and other nanocrystals.
